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1 The Language G

1.1 Syntax and Semantics

Syntax

(variables) a € TVar

(types) T u= alb|Tx7|7T—>7]|Yor|JarT

(values) v u= xl|cl|{v,v)| \xTe| Aa.e | pack (T,v) as T

(expressions) e == v|{ee)|el|e2]|ee|er|pack(r,v)asT|
unpack (o, z)=eine | newamTine | cast 7T

(contexts) C == []](C,e)|{e,C)|C1|C2]| Az:r.C | CeleC |
Aa.C | C 1| pack({r,C) | unpack{c,z)=C'ine |
unpack{a, z)=e in C' | new a7 in C

(stores) o u= €]|oaxT

(type environments) A = €| A,a| A axT

(value environments) I' == €| a7

(type substitutions) & u= 0|5 -7

(value substitutions) v == 0], x—v

Reduction g,e—0;e

(RPrOJIL.1) (RPrOJ2.1)

o; (v1,v2).1 = o;v; o; (v1,12).2 <= o302

(RAPP) o; ()\(E;T,e) vV — 0, e[’l)/:[’] (RINST) = (Aa.e) p— e[T/a]
(RUNPACK)O-; unpack<a,$>:(pack<7, U> as 7./) ine— o, B[T/a] [’U/x]
(Reamr.1)— 24754 (Roarr,2)— i€ = 0'i¢)

o; (e1,e2) — a’; (e}, ea) o;(e1,ea) — o’;(e1, eh)

. /. ! . ’. !
(RPROJ1.2) gieTose (RPROJ2.2) gieTase

o;e.l —olse.l o;e2—ol;e.2

oye1—o'je) oyeq < 0’ él

(RaPP.1) — (RAPP.2) —
g;€1 €2 — 0';€1 €2 o;vey — 0 V€

o;e —o';e o;e —o';e

(RINST.1) (RPACK.1)

oieT —oljeT o; pack(T,e) as 7/ < o’; pack(r, €’} as 7’

oye1 —o'je)

Runpack.1 - -
( )0'; unpack{a, z)=e; in ea — o’; unpack(a, r)=e] in es

o' ¢ dom(o)

o;new a7 in e — o, a’~T;ela’ /o

(RNEW)



(RCAsT. 1)
o;cast TT — 0; AL T AT2:T. 21

TLF T2
2
(RCAST )a; cast 7 To < AX1:T1.AT2:To. 22
Type Environments
o FA a ¢ dom(A) AkFT a ¢ dom(A)
F e FA o FA, axT
Value Environments AFT
FA AFT AFT x ¢ dom(T")
AFe AFT,z:7
Types A + T
A acA FA arT €A
T _ T
(roam) =2 OER ) PR
A7 Al 7 AFm Aty
(TBASE) AFD (TTIMES) AbF 1 X1 (TARR) A1 — 1
A7 abT Av akT
(TALL)W (TEXISTS)W
Type Compatibility
FA ac A A ar~T € A F
QAR oo (Quane)— i —— (QBASE) T
Ab7 =T Ab =T Ab7 =7 Ab 1=
(QrivEs) AT X Ty~ T] X TS (QARR) AFT —>TorT —T)
AakT~7 AabkT=T1
(Qarr) A FVYa.r =~ Va.r! (QexisTs) A F Jo.7 ~ Ja.7’
e 1 1"opo !
(QSYM)AFTWT (QTRANS)AFTNT ArT"=~T

Arr~r AFr~r



Expressions

AFT zT el (Econ) AFT
Ao T A;T'He:d

A;TkFer:m ATFey:m
A,F}_ <€1762>27‘1 X To

(EVAR)

ATFe:m X1

E
(EPAIR) A;Tkeid:n

(EPROJ)

ATy bFe:m
AT HEArime:m — 1

A;T'kHeyimg— 71 AT Fey:m
A;TFejex: T

(EABS) (EAPP)

Aoa;T'Fe: T
AT F Aace: Va1

AT ke 7[n/al AFm
A;T + pack(ry, €) as Ja.7 : Ja.T

A;TFe:Var AF 1
AT Fer:T[ra/a)

(EGEN) (EINST)

(EPACK)

A;TFeq:dar Ao T e bFex: 7 AT

EuNPACK
( ) A;T - unpack{c, z)=ej ineg : 7

Aax=t;'ke:T AT AFRT AFT AT AF 1
(EcAsT)

(ENEW)

A;T'Fnewastine: 7 A;T'Fcast o :71 — T2 — T2

AT ke:7 AFT~7
A;TkHe: T

Configurations

A=c Ajebe:T e-T

Foje:T

(Econv)

Contexts C: (AT 7) ~ (AT 7)
A'DA T'DT A'+TY
[+ (A7) ~ (A5 T 7)
C: (AT 7) ~ (AT iy 12)

Ax:m.C o (AT 1) ~ (AT 1 — 12)
C: (AT 1)~ (AT 1) AT Fe:m

(Cre) : (AsT;7) ~ (AT 1 X 72)
C: (AT 1)~ (AT 12) AT Fe:n

(€,C) : (A;T57) ~ (ALY 71 X 7)

(CEMPTY)

(CaBs)

(CPAIR.1)

(CPAIR.2)

C: (A7)~ (AT 1 X 72)

(CProJ) Ci: (A7)~ (AT )




C: (A7)~ (AT 1 — T2) AT'Fe:n
Ce: (A;T;7) ~ (AT 19)

(Cappr.1)
C: (A7)~ (AT 1) AT Fe:m — 1
eC: (AT 7) ~» (AT 19)
C: (A7) ~ (A o5 T 71)
Aa.C: (AT 7) ~ (AT Vaur!)
C:(A;T;7) ~ (AT Vaur) A'F 1y
Cro: (AT 7) ~ (AT 112/ a))
C: (A7)~ (AT 12 /) A'F 1
pack(ra, C) : (A;T;7) ~ (AT Jary)

(Capp.2)

(CGEN)

(CINST)

(CPACK)

C: (A7)~ (AT 3aum) Ao T mm Feg:m A'F 7y

N
(Cunpack.1) unpack(a, z)=C'ine: (A;T;7) ~ (AT 72)

C: (AT 1)~ (A oy T 27y 12) AT Fe: Jam A1y

(Cunpack.2) unpack(a, z)=e in C: (A;T;7) ~ (AT 73)

C: (A7) » (A amr;Tm) AbErm AR
new a1’ in C: (A;T;7) ~ (A, TV 1)

(CNEW)

C: (A7)~ (AT 77) AN =7"
C: (AT 1) ~ (AL T 1)

Type Substitutions AFd:A

(Cconv)

A AR A AT AR A AN
A'FD:e A a—T: Ao A, a1 L A axT
Value Substitutions A;T'E~:T
AFTY AT AT AT Fo:T
ATV D€ AT =y =0 T, a7

1.2 Structural Properties
Lemma 1.1 (Weakening)

1. f AF7and A’ DA and - A/, then A’ 7.
2. f AFT and A’ D A and - A/, then A’ T
3. f A;TFe:7Tand A’ D Aand - A/, then A';T'Fe: 7.
4. T A;TFe:7and IV DT and AR IV, then A;TV Fe: 7.



Proof: Each by induction on the first derivation.

Lemma 1.2 (Substitution)

1. f AF7and A’ F§: A, then A" F §(7).

2. fAFT and A6 : A, then A"+ 6(T).

3. I A;THe:7and A'F§: A, then A’;6(T) - d(e) : 6(7).
4. fA;TFe:7and A;TF~: T, then A; TV F~v(e) : 7.

Proof: Each by induction on the first derivation.

Lemma 1.3 (Validity)

1. If A+ 7, then - A.
2. f AFT, then - A.
3. IfA;THe:7,then A and AFT and AF 7.

Proof: Each by induction on the derivation.

Lemma 1.4 (Variable Containment)

1. fAF 7and a € ftv(r), then o € A.

2. If AFT and a € ftv(T'), then o € A.

3. A THe:7and a € ftv(l) Uftv(e) U ftv(r), then o € A.
4. f A;TFe:1and 2 € fvv(e), then 2 € dom(T).

Proof: Each by induction on the derivation.

1.3 Soundness

Lemma 1.5 (Preservation)
If o;e —o';¢/ and Foje: 7, thento';¢ : 7.

Proof: By induction on the first derivation.

Lemma 1.6 (Canonical Values)
Assume F o;v : 7. Then:



1. If 7 = 71 X 7o, then v = (v, va).

2. If T =7 — 7o, then v = Ax:7y.e.

3. If 7 =Va.ry, then v = Aae.

4. If 7 = Ja.71, then v = pack (r2,v1) as 7.

Proof: By induction on the derivation.

Lemma 1.7 (Progress)
If - o;e: 7 and e # v, then 0;e — o’';¢’.

Proof: By induction on the derivation.

1.4 Contextual Approximation

A;T'Hey Reg: T Loy ATFer:7TANA T Fes: T A

Vi oVC: (A;T;7) ~ (0567). 0;Cler] | = 0;Cles] |



2 Parameterized Logical Relation for G

2.1 Minor Differences Between Paper and Appendix

There are some minor differences between the definitions in this appendix and the ones in the paper.

1. In the paper, one logical relation is presented after the other. Here we present all four relations
at once, combined into a unified definition that uses a parameter ¢ ranging over e (the proper
relation), o, +, and —.

2. In the definition of the logical relation, the paper uses the > operator to make it clear where
we need to go down a step. Here we are still using an explicit quantification over future
worlds in those places, which is equivalent in the end but has the disadvantage that it is not
immediately obvious to the reader whether a particular quantification is needed to maintain
monotonicity or to maintain well-foundedness.

3. In the definition of World and T'[€?] (and thus in many of the proofs), the appendix still uses
o*(7) (defined below) to normalise a type 7 with respect to a store o. The paper instead
indirectly, i.e., without using the notation o*, requires the existence of a type 7’ that equals
o*(7) and then works with 7.

2.2 Definition

e &f 1]
(o, )" dof 5=
(0.am7)" E 0", a0 (r)
def

Typa = {7 | tv(r) € 4}
Atomy, [y, T2] def {(k,w,e1,e2) | k <nAw e Worldy A w.or;e1 : 11 AFw.og;es: 2}
Rel,[r,m] & {RC Atom™[r, 7] | V(k,w,v1,v5) € R, (K, w') 3 (k,w). (K, w,v1,v5) € R}
SomeRel, def {(11,72,R) | 71 € Typy A2 € Typyg A R € Rel,[11, 2]}
Interp,, def {p € TVar fin SomeRel,, }
Conc def {n € TVar % TVar x TVar | Va, o' € dom(n). a # o =

n'(a) #n' (@) An*(a) # n?(a’)}
World,, def {(c1,02,m,p) | F o1 AF o2 A€ Conc A p € Interp,, A

dom(n) = dom(p) A p' = of - n' A p? = 03 - 1%}
Interp &t U,>o Interp,,
World e U,>o Worldy,



|R]»

[(71,72, R)|n
Lp]n
[(o1,02,1m,p)]n

def

~

< 3
oy
> =3

def

<~
def
<~

—~
L
g
—
—~
=
S
~—

K, w') 3 (k) £L

= {(k,w,v1,v2) | k<nA(kw,uv,ve) €R}
= (71,72, |R]2)

» {a—[rln | pla) =r}

= (01,021, [p]n)

Vo € dom(n). n(e) =n'(@)

Vo € dom(p). p(a) = p' ()

K <kAw € Worldy Aw'.oq1 D w.oqr Aw'.og D w.oa A
w'p JwnAw'.p 3 lwplp A

rng(w’.n*) \ rng(w.n*) C dom(w’.0;) \ dom(w.o;)

E <knF,w) 3k w)

L= e — | 4+ |o

def def
o = |o| = o
def def
—— = |——| = e
ﬁ-|-d:9f_ |-|-|d:9fo
def def

-0 —= |O|:



Valalp = [p(a)-R]n

Vible & {(k,w,c,c) € Atom,[b, b]}

Vilrx7lo % {(kw, (on,0), (02, 8)) € Atomy o (7 x 7). p2(r % )] |
(k,w,v1,v2) € Vii[T]p A (k,w,vi,vh) € V[ ]p}

Vilr — tlp 2o {(k,w, A\x:7y.€1, \v:T2.€9) € Atomy,[p' (7" — 7), p?(7" — 7)] |

V(K w' v,v2) € V[T ]p.
(K, w') 3 (k,w) = (K, w' ei[v1/x], ea[v2/]) € E[T]p}
ViVa.7]p = {(k,w,Aa.er, Aa.ex) € Atom,[p! (Va.T), p?(Va.T)] |
V(K" w") 3 (K, w') 3 (k,w), (11, 72,7r) € T [Qu'.
(K", w”, e1[r1/a], e2[r2/0]) € EL[r]p, aror}
Vi[3a.r]p = {(k,w, pack(r1,v1), pack(ra, v2)) € Atom, [p*(3a.7), p?(3a.7)] |
r. (11, 70,7) € TE[Quw AV(K ,w') T (k,w).
(K w',v1,v9) € Vi[T]p, cv—or}
Eyr]p = {(k,w,e1,e2) € Atom, [pl (7—)7,p2 (7)) |
Vi <k,vi,01. w0151 =7 01501 =
Jug, w'. (k— j,w') J (k,w) Aw'.o1 = o1 A
w.o9;eg —* w.og;va A (k= j,w',v1,v2) € V[T]p}

Ty~ [Q]w E {(wan (r), wnP(r), (wp! (1), w.p(7), Ve lr]w.p)) |
TE Typdom(w.p)}
T3+ [Q]w (7, (woi(m),w.05(12), R)) |

T € Typdom(w.a'l) NTp € Typdom(w‘(m) AR € Reln[wo—f (Tl),’LU.US (7—2)]}
D [w = {(0,0,0)}

Dy[A ofw  E (61, ), (82, o), (p, o)) |
(51,(52,[)) S D;[[A}]w A (T177—2771) S Té[[ﬂ]]w}

DLIA w0 {((61, aan), (82, arsaz), (p, ars(p! (1), p2(7), Vi [7]0))) |
(61,02, p) € D:[AJw Aw.oi(a;) = 6;(T) A

Jo'. a; = wni(a) Aw.p(a’).R = V,lb‘[[T]]p}
G lelp = {(k,w,0,0) | k <nAw e Worldg}
G%HF,%ZTHP = {(k,w,(’y1,x»—>v1),(’y2,x>—>v2)) ‘
(kvwar)/lv’y?) € G%[[F]]p/\ (kvw7vl702) € V;[[T]]p}

AT ey ZSteg:r PN ATFer:7TANA T Fey:TA
Vn > 0,wg € World,, (81, 82, p) € D [A]wo, (k,w,v1,72) € G [T]p.

(k,w) 3d (n,wy) = (k,w,d171(e1),0272(e2)) € EL[r]p

10



2.3 Properties

Note: whenever we write V,:[7]p or E! [7]p from now on, we assume that 7 € dom(p) and p € Interp.

Lemma 2.1 (Transitivity of World Extension)

1. If (", w") 3 (K,w') and (k¥',w") 3 (k,w), then (K", w"”) 3 (k,w).
2. If (K", w") 3 (K,w') and (K, w’) 3 (k,w), then (K", w”) 3 (k,w).
Proof:

1. k" < ks clear, as are w” € Worldg, w”.0; 3 w.oy, w”.n 3 w.n, and rng(w”.n) \ rng(w.n’) C
dom(w”.0;) \ dom(w.o;). It remains to show p” J |p|r. So suppose a € dom(|p]x).

p(a).R] g | since k" <k’
— /(@) Rl since 3 |l

=p"(a).R since p” 3 |p']gr

2. Follows from (1).

Lemma 2.2
If (81,62, p) € D, [AJw, then p = w.o} - §;.

Lemma 2.3 (Inclusion)
Vilrlp € EL[7]p

Proof: Follows easily from the definition of E:[7]p, taking the future world to be the current one.
|

Lemma 2.4 (Restriction)
1. If k' <k, then V' [7]p = [V{[r]plw -

2. If ¥’ <k, then E},[7]p = | E}[T]p)w-

Lemma 2.5 (Atomicity)
1. V[r]p € Atom*™[p* (1), p2(7)].

2. B [r]p C Atom,[p' (1), p*(7)].

11



Proof: By definition. |

Lemma 2.6 (Irrelevance)
If (/) 3 [pln, then

L Valrle' = Valrle
2. EL[7]p’ = EL[r]p, and
3. GLIrlp" = GLlrlp.
Proof: (1) and (2) by mutual induction on 7.

1. e Case 7= a:

(k,w,vi,v2) € Vi[a]p

<~ (k,w,vi,v2) € [p'(a).R]n
€ [ ]n(@).R
S

lp|n(a).R by assumption

— (k7 w, vy, U?)
<~ (k7 w, vy, 'UQ)
— (kawavlaUQ) € Vri[[aﬂp

e Case 7 = b: Trivial.

e The remaining cases all follow easily by induction.

2. Follows from (1).

3. Follows from (1).

Lemma 2.7

1. If (11, 72,7) € Ty [Qwo and (k,w) 3 (n,wo), then (11,72, |r]x) € TE[Q]w.

2. If (61,02, p) € D [A]wo and (k,w) 3 (n,wo), then (81,02, |pli) € Di[A]w.
Proof:

1. Follows easily by Restriction (2.4) and Irrelevance (2.6).

2. By induction on A.

o Case A = e: Trivial.
e Case A = A’ a: Follows by induction and part (1).
e Case A = A/, arr:
— We know §; = 0}, av—a; and p = p’7a»—>(p1(T),p2(T),V,lfl[[T]]p’) where (81,05,0") €
D¢ [A"wo, wo.oi(c;) = 6;(7), and wg.p(a’).R = Vn‘L‘[[T]]p/ for some o’'.

12



By induction, (87,05, |p'|) € D}, [A']w.

— w.oi(a;) = 0;(7) is clear.

— We need to show w.p(a’).R = LV,'ZL‘ [71Le |k ]r and LV,lfl [710' |k = Vklbl [711e |-
Both follow by Restriction (2.4) and Irrelevance (2.6), the former using the fact that
w € Worldyg.

Lemma 2.8 (Closure Under World Extension)
1. If (k,w,v1,v2) € Vi [7]p and (K',w") 3 (k,w), then (K, w’,v1,v2) € Vt[7]p.

2. If (k,w,m1,7v2) € G4[T)p and (K',w’") 3 (k,w), then (K, w',y1,72) € G4 [I']p.
Proof:
1. By induction on 7.

e Case 7 = a: Since p € Interp, we know p(a).R € Rel,, for some m and thus closed under
world extension.

Case 7 = b: Trivial.

e Case 7 = 11 X 7o: Follows easily by induction.
o Case T =71 — To: v; = AL:7].€;.
— So suppose (K", w"”,v3,v4) € V. *[11]p where (K", w") 3 (K',w').
— To show: (K", w"”,e1[vs/x], ealva/x]) € EL 2] p-
— By Transitivity of World Extension (2.1), (k”,w"”) 3 (k, w).
— Now instantiate the assumption to get (k”,w"”, e1[vs/x], ea[vy/x]) € EL[12]p-
e Case 7 = Va.7’: v; = Aav.e;.
— So suppose (K", w") 2 (K", w"”) 3 (K',w') and (71, 72,7) € T [Quw”.
— To show: (K", w" e1[m1/a],e2[r2/c]) € EL[7']p, —r.
— By Transitivity of World Extension (2.1), (k”,w”) 3 (k, w).
— Now instantiating the assumption yields the claim.

Case 7 = Ja.7’: v; = pack (1, v}).

— By assumption there is r such that (71,72,7) € T¢[QJw and (K, w”,v,v}) €
V' lp, a—r for any (K", w”) 3 (k,w).

— By Lemma 2.7 we have (71, 72, |7]x/) € T{ [Q]w'.

— We show that (", w”, v}, v5) € Vi [7']p, a—|r] g for any (K", w”) 3 (K, w').

— Suppose (K", w") 3 (K',w').

— By Traunsitivity of World Extension (2.1), (k”,w") 3 (k, w).

— Hence (K", w",v},v4) € V*[7']p, e—r and thus the claim follows by Restriction (2.4)
and Irrelevance (2.6).

2. Follows from (1).

13



Lemma 2.9 (Validity of the Logical Relation)
Vilrlp € Rely[p'(7), p?(7)]

Proof: Follows by Atomicity (2.5) and Closure Under World Extension (2.8). |

Lemma 2.10 (Substitution)
For ¢ € {e,0}:

L Velrlp, a=(p' (7)), p*(7), Vil'lp) = Vielrl7' /el p.
2. Ej[rlp, a—=(p* ("), p*(7'), Vie[7']p) = Eplr[7'/a]lp.
Proof:

1. e Case 7 = a: Trivial.
e Case 7 = o # a: Follows by Irrelevance (2.6).
e Case 7 = 79 X 7: Follows easily by induction.
e Case 7 = 7§ — 79: Follows easily by induction.
Case 7 = Vo' .7":
— We show V![7]p, a—(p*(7"), p?(7"), Vi [7']p) C V,i[r[r'/a]]p. The other direction is
symmetric.
— Suppose (k,w, Aa.er, Aa.ez) € VL[] p, a—(p' (7)), p2(7"), Vi [7']p)-
— Suppose (K", w"”) 3 (K',w') 2 (k,w) and (11, 72,7) € T [Qw'.
— To show: (K", w" ei[r1/d],e2[ra/']) € EL[T"[T"/a]]p, &1
— Since —¢ = ¢ and thus T} [Q]w’ = T, [Q]w’, we know: (K", w"”,e1[T1/a'], ea[r2/d/]) €
B [m"p, o= (o' (), p(7), Vii[']p), o/ vr
— By Irrelevance (2.6),
(P (1), (), Viilr'Ip) = ((p, armsr) ("), (p, i) (), Vi [ ], coor).
— Hence by induction, (k”,w", e1[m1/d'], ea[r2/d/]) € EL[r" [ /al]p, o/ —r.

e Case 7 = dd/.7”: Analogously to the previous case.

2. Follows from part (1).

Lemma 2.11 (Type Compatibility)
For v € {e,0}: If A+ 7y &~ 79 and (41,92, p) € D:,[A]w, then

1. Vi[n]p = Vii[r2]p and
2. Bulnlo = Bulnlp.

Proof: By induction on the derivation of the type compatibility.

14



1. e Case 11 = a = 1o: Trivial.

e Case 71 = a where ar~m € A:

Then it is easy to see that A = Ay, arx7o, Ag, §; = 6;1, a—ay, d;2, and
P = P1, 00—>(,0% (7—2)7 p%(TQ)a V7: IITQ]]pl)v pP2-
Hence V![a]p = V! [2]p1 and so the claim follows by Irrelevance (2.6).

e Case 71 = b = 19: Trivial.

o Case 71 = 711 X Ti2 and T = To1 X Tog With A F 791 = 791 and A F 791 &= To9: Follows
easily by induction.

e Case 71 =71 — 712 and 7o = 791 — Tog With A F 711 = 791 and A F 793 & 793: Follows
easily by induction.

o Case 11 = Va.7] and 7o = Va.7) with A,a b 7] ~ 74:

We show V,![6(m1)]p C V;:[6(72)]p; the other direction is symmetric.
Suppose (k,w, Aa.e1, Aa.es) € Vi [Va.{]p.

Suppose further (k”,w”) 3 (K',w") 3 (k,w) and (11,72, 7) € T [Qw’.

To show: (k" ,w”,ei[r1/al,ea[r2/a]) € EL[15]p, cr—r.

Since - = ¢ and thus T);* [Q[uw’ = T}, [Q]w’, we know (k”,w",e1[11 /], es[ma/a]) €
E! []p, ar—r.

By Restriction (2.4) and Irrelevance (2.6), this reduces to showing

Epnllp)e, a—r = Epln]lply, a—r.

This follows by induction if we can show ((d1, w—71), (62, a—T2), (| p]k, —1)) €
Dy, A, ajw'.

By Lemma 2.7, (d1,02, |p|r) € Dy [A]w'.

Hence indeed ((61, a—71), (02, cv—72), (| p|rr, cv—r)) € D [A, a]w’.

e Case 11 = Ja.7] and 7o = Ja.7) with A, a F 7{ ~ 74: analogously to the previous case

2. Follows immediately from part (1).

Definition 2.12 (Anti-Unifier)
Assume that (61,92, p) € Dp[A]w. The anti-unifying substitution of d; and 2 with respect to w.n,
written au(dy, d2, w.n), is defined as follows.

au(e, €,n) def

au((d1, a—11), (62, a—72), M) def au(dq, 02,m), o1 where 7 = 77_1(7'1) = 77_2(7'2)

Note that 77 exists because the definition of Conc ensures that 7 is injective.

Lemma 2.13

1. If § = au(61,d2,7), then 6; = n' - 6 and dy = n? - 4.
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2. If (61,02, p) € Dy [A]wo, 6 = au(d1, d2, we.n), and (k,w) I (n,wp), then § = au(d1, d2, w.n).
Proof:

1. Follows easily from the definition.

Lemma 2.14
If (61,02, p) € D2 [A]we, § = au(dy, d2, wo.n) and A F 7, then

1. Velrlp = Ve[d(7)]wo.p and
2. Ex[r]p = EX[6(7)]wo-p.
Proof: By induction on the derivation of A F 7.

1. e Case 7 = a were a € A:

— Then it is easy to see that A = Ay, «, Ag, 0; = §;1, a—T;, 052, and p = p1, -7, po
where (11, 72,7) € Ty [Q]wo.

— The latter implies 7; = wo.n'(7') and r = (_, , V,2[7']wo.p).

— Hence V*[a]p = V2 [m Jwo.p = Ve [d(a)]wo-p.

e Case 7 = a where a~7’ € A:

— Then it is easy to see that A = Ay, ax7', As, §; = 5i1,_0z'—>04¢, 09, and
p = p1,a—=(pi(1'), pi ("), Ve [7'] p1), p2 With a; = wo.n'(a’) and
wp.p(a).R = V2 [r']p1 for some o'

— Because of the injectivity of wo.n’, wo.n'(a’) = a; = §;(a) = we.n'd(a) implies
o =6(a).

— Hence V2 [a]p = V.2 [7']p1 = V.2 [ Jwo.p = V.2 [6(a)]wo.p.

Case 7 = b: Trivial.

e Case 7 =7 X 79 with AF 7 and A F 75: Follows easily by induction.
e Case 7 =1 — 7o with A+ 7 and A F 75: Follows easily by induction.

Case 7 = Va.7’ with A, a - 7'

— We show V,?[7]p C V2 [6(7)]wo.p; the other direction is symmetric.
— Suppose (k,w, Aa.e1, Aa.es) € V2 [Va.m']p.
— Suppose further (K, w”) 3 (k',w’) 3 (k,w) and (11,72, 7) € T [Qw’.
— We know (K", w”, e1[m1/a], ea[r2/a]) € E[T]p, cor.
— To show: (K", w",e1[r/al, ea[re/a]) € En[o(7")]wo.p, a—r
— By Restriction (2.4) and Irrelevance (2.6), this reduces to showing
EN T el a—r = ER[0(7")]w .p, co—r.
— By assumption and Lemma 2.7, (§1,92, [p]rr) € Dy [AJw'.
Let ( £> 657 pl> = ((61’ O"_”-l)v (62’ O"_)TQ)’ (I_pJ ) O"_)r))’ 50 ((%7 657 pl> € Dl;/ [[A’ a]]wl'
By Lemma 2.13, § = au(d1, d, w’.n).
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Since (71, 72,7) € T2 [Qw’ we know 7; = w'.n*(7”) and

r= (w'.pl(T”),w’.pQ(T”),Vk'/[[T”]]w’.p)

It is easy to see then that §, v—7" = au(d}, 05, w'.n).

— Hence by induction, E¥, [7']p’ —E,z,[[ (T[T a]]w’.p.

— By Substitution (2.10), Ek,[[ ( N ”/a Jw'.p=

B L5 )p, amm (w91 (+), ! g2(+), V[ p) = B [6(+" ), coor.

e Case 7 = da.7’ with A, a - 7": analogously to previous case

2. Follows immediately from part (1).

In all the following compatibility lemmas we assume ¢ € {e,0}.

Lemma 2.15 (Compatibility: var)
If AFT and z:7 € T, then A;TFHax Xtz 7.

Proof:
e Suppose wo € World,, (61,6, p) € D4 [Alwo, (k, w,71,72) € G4[Tlp and (k,w) 3 (m, wp)-

To show: (k,w,d171(x),d272(x)) € E4[]p
By Inclusion (2.3) it suffices to show (k,w, 6171 (z),dav2(x)) € Vi [7]p.

e By assumption we have (k,w,~1(z),y2(x)) € V! [7]p.

Since thereby F w.oy;7;(z) : p(7), we know v;(x) = &;v;(x).

Lemma 2.16 (Compatibility: con)
If AFT, then A;T' e 3t c:b.

Proof:
e Suppose wy € World,,, (1,02, p) € D [A]wo, (k,w,v1,72) € G4,[T]p and (k,w) 3 (n,wp).
e To show: (k,w,d171(c), d2v2(c) € EL[b]p, i-e., (k,w,c,c) € EL[b]p.

e By Inclusion (2.3) it suffices to show (k,w,c,c) € V![b]p, which holds trivially.

Lemma 2.17 (Compatibility: pair)
IfA;THe Stey:m and A;T Feg 3 eyt 7o, then AT F (e1,e3) 3¢ (ea,eq4) : 71 X To.

Proof:
e Suppose wy € World,,, (1,02, p) € D [AJwo, (k,w,v1,72) € G4[T']p and (k,w) 3 (n,wp).
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To show: (k,w,d1v1({e1,e3)), d2v2((e2, e4))) € EL 11 X T2]p.

Assume that w.oq; 0171 ({e1,e3)) terminates in j; + jo =: j < k steps:

, w.o1;0171({e1, es))
=N a’; (v1,01(71(e3)))
—J2 gq; (Ul,U3>

Instantiate the first assumption to get (k,w,d1v1(e1),d2v2(e2)) € EL[1]p.

*

Consequently there exists (k — j1,w’) 3 (k,w) such that w.o2;d272({€2,e4)) —
w'.o9; (v, 022 (eq)) with w'.o1 = o} and (k — j1,w’,v1,v2) € V! [71]p.
Instantiate the second assumption and apply Closure Under World Extension (2.8) to get
(k= jr,w', 6171 (e3), 0272(e4)) € E[r2]p-

Consequently there exists (k — j,w”) 3 (k — j1,w") such that w'.o9; (va, daya(eq)) —*
w”.o9; (ve,v4) with w”.01 = o1 and (k — j,w”,v3,v4) € V,:[72] p

Since, by Closure Under World Extension, also (k — j,w”,v1,v2) € Vt[mi]p, we get (k —
Jsw”, (v1,v3), (V2,v4)) € V[ x m2]p.

Lemma 2.18 (Compatibility: proj)
IfA;TFep Zteg:m X 1o, then A;T Fegi Zhesi: 7.

Proof:

Suppose wg € World,,, (61,02, p) € D.[A]woe, (k,w,v1,72) € G4[I]p and (k,w) 3 (n,wo).
To show: (k,w,d171(e1.1),0272(ea.1)) € EL[7:]p-

Assume that w.oq; 0171 (e1.7) terminates in ' + 1 =: j < k steps:

- wodim(erni)
=7 015 (v11,v12).4
—' o
Instantiate the assumption to get (k,w, d1v1(e1),d272(e2)) € EL[m1 x m2]p.

Consequently there exists (k —j’,w’) 3 (k,w) such that w.o9; ay2(es.i) —* w'.o9; (va1,ve0).4
with w’.0q1 = o1 and (k‘ — j’7w’7 <’011,’U12>7 <’U21, U22>) S V,i[[Tl X TQ]]p.

By Closure Under World Extension (2.8), (k—j, |w'|x—j, (v11,v12), (Va1,v22)) € Vi [11 X T2]p.

Hence (k — j, |w' | k—j, v1s,v2:) € Vi [7:]p-
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Lemma 2.19 (Compatibility: abs)
If AsT xim B ey Zteg: 7o, then A;T F Axiry.eq 3 Axiri.en : 11 — To.

Proof:

Suppose wg € World,,, (61,92, p) € D:[A]wo, (k,w,v1,72) € G4[T]p and (k,w) 3 (n,wo).
To show: (k,w, d1(y1(Az:71.€1)), 02(v2(AxiT1.€2))) € EL[T1 — T2]p

By Inclusion (2.3) it suffices to show (k,w, §1 (v1(Az:71.€1)), 02 (y2(Ax:71.€2))) € Vi [T — T2]p.
So suppose (k',w’,v1,v2) € V,t[r1]p where (K, w’) 3 (k,w).

To show: (K',w’,é1(v1(e1))[v1/z], 62(7(e2))[v2/2]) € EL[m2]p

Let 7 := v;, x—v;.

As (K',w',y1,72) € G4 [T']p by Closure Under World Extension (2.8), this means
(k/a w/a ’717 ’Yé) € G%[[F7 I:Tl]]p'

Now instantiate the assumption to get (k',w’,d1(v](e1)),d2(75(e2))) € EL[m2]p-
Note that d;(v.(e;)) = 6;(vi(ei)[vi/x]).

Furthermore, since (k',w’,v1,v2) € V,![r1]p implies - w’.05;v; : p'(71), we have §;(v;) = v;
and thus 0;(y;(e;)[vi/x]) = 0:i(vi(es))[vi/x].

Lemma 2.20 (Compatibility: app)
IfATFe Zter:m — mand A;TFeg Zteq: 7, then A;T - ejes St esey : 1o.

Proof:

Suppose wg € World,,, (61,92, p) € D:[A]woe, (k,w,v1,72) € G4[T]p and (k,w) 3 (n,wo).
To show: (k,w,d171(e1 e3), 6272(e2 €4)) € B [2]p

Assume that w.oq1;017v1 (e e3) terminates in j1 + jo + 1 + j3 =: j < k steps:

. w.o1;6171(€e1 €3)
=7 o5 (Az.eq) 01 (71 (es))
—J72 gfs(Az.e)) vs
boolsenfvs/a
=7 01301

—

Instantiating the first assumption yields the existence of (k — ji,w’) 3 (k,w) such that
w.o9; 0972(eg €4) —* w'.o9; (Ax.€}) day2(eq) and w'.o1 = of and (k — ji,w', A\x.€}, Ax.e}) €
Vi — m2]p.

By Closure Under World Extension (2.8) we have (k — j1,w’,71,72) € G4 [I]p.
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Hence instantiating the second assumption yields the existence of (k — j; — jo,w”) 3 (k —
J1,w") such that w'.o9; (Az.€}) da(y2(eq)) —* w”.0o9; (Ax.€h) vy and w”.01 = of and (k — j1 —
j2) w”? U3, U4) € V;[[Tl]]p

Consequently, (k — j1 — ja,w", €} [vs/a], €5[va/2]) € E}[r2]p.

By Closure Under World Extension (2.8), (k—j1 —j2— 1, (W |k—j,—jo—1, €1 [v3/x], e5]va/x]) €
EL[r]p.

Therefore there exists (k—j,w"”’") 3 (k—j1—j2—1, |w" |k—j, —j,—1) such that w”.o9; e5[va/x] —*

w"” .og;v9 and w".o1 = oy and (k — j,w", vy, ve) € V[2]p.

Lemma 2.21 (Compatibility: gen)
IfA a;TFep 3¢ ey : 7, then A;T'F Aae; 3¢ Aaces : Vaur.

Proof:

Suppose wg € World,,, (61,92, p) € D:[A]wo, (k,w,v1,72) € G4[T]p and (k,w) 3 (n,wo).
To show: (k,w,d171(Aa.er), doy2(Aa.es)) € EL[7]p

By Inclusion (2.3) it suffices to show (k,w, 6171 (Aa.er), day2(Aa.es)) € Vii[r]p.

So suppose (K", w"”) 3 (K',w') 3 (k,w) and (71, 72,7) € T [Q]w'.

To show: (k" ,w”,8171(e1)[m1/a], d2v2(e2)[r2/a]) € EL[7]p, ar—r

By assumption and Lemma 2.7, (01,02, |p|x) € D}, [A]w’.

Since = = ¢ we have (11, 2,7) € T}, [Qw'.

Let (8}, 8, ') = (61, 1), (82, a072), (Ll ar=1)), 50 (81, 84, ) € Diy [A, .

Furthermore, (k”,w”,v1,72) € G4/ [I']p’ by Closure Under World Extension (2.8), Restric-
tion (2.4), and Irrelevance (2.6).

Now instantiate the assumption with (81,5, p’) and (k”,w”,v1,72) to get
(K", 0", 81m(e1), 0572(e2)) € B [r]p’.

Note that &/7;(e;) = &;yi(e:)[m:/al.

The claim then follows by Irrelevance (2.6) and Restriction (2.4).

Lemma 2.22 (Compatibility: inst)
IfA;THep Zhey: Vo and AF 7o, then AT F ey 3 eam : Ti[12/ql.

Proof:
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e Suppose wy € World,,, (81,02, p) € D;[A]wo, (k,w,y1,72) € G4[I']p and (k,w) 3 (n, wp).
o To show: (k,w,d171(e172),0272(e22)) € By [Ti[m2/c]]p
e Assume w.oq;0171 (€1 72) terminates in j; + 1+ jo =: j < k steps:

_ w.oq;0171(€e1 2)
=N oy (Aae)) 01(72)
—=! of;e[d1(m)/al
—J2 o

o Instantiate the assumption to get (k,w,d171(e1),d2v2(e2)) € EL[Va.m1]p.

e Consequently, there is (k—ji,w’) 3 (k,w) such that w.o9; davya (€2 72) —* w'.09; (Aav.€}) do(12)
with w’.o1 = o} and (k — j1,w’, Aa.el, Aa.ey) € Vi [Va.m]p.

o Let r:= (w'.07(81(m2)),w".05(02(2)), Vi [=]p)-

e If 1 =o, then (61(2),02(72),7) € Ty_,; [Quw" =Tt [Q]w’ is obvious.

e If 1 = e, then we show (d1(72),d2(72),7) € T_; [Qw’ =T}, [Q]w’ as follows:

— Let § := au(dy, d2, wo.7n).
— It suffices to show
(01(72), 02(72), 1) = (W' ' 0(72), w'.n8(72), (w'.p'd(72), w'.p%(72), Vi_j, [(m2)[w’.p)).
— By Lemma 2.7, (01,02, |p)k—j,) € Dp_;, [A]w'".
— First, §;(m2) = w'.n'§(m2) by Lemma 2.13.
— Second, w'.o} (0;(m2)) = w'.of (w'.n'd(12)) = w'.p'6(2) because of Lemma 2.13 and w’ €
World.
— Finally, Vi?_; [r]p = Vi?_; [0(2)[w’.p by Lemma 2.14.
e Instantiating (k — ji,w’, Ac.€), Aa.ey) € V! [Vor]p with (K —j1 — 1, |[w']g—j,—1) T (k —
Ju,w') 3 (k=ji,w') and (61(72), 62(72),7) yields (k—j1 =1, [w'Jk—j, -1, €1[01(72) /], €5[02(72)])
€ EL[nlp, ar.

e Hence there exists (k — j,w”) 3 (k — j1 — 1, [w'|k—j,—1) such that w'.09;€5[d2(T2)/a] —*
w”.o9; vy with w”.01 = o1 and (k — j,w”,v1,v2) € V1] p, cv—r.
e It remains to show (k — j,w”,v1,v2) € Vi [m1[r2/a]]p.

e This follows by Restriction (2.4), Substitution (2.10), and Lemma 2.2.

Lemma 2.23 (Compatibility: pack)
If AT Eep Zeg:7[r’/a] and A F 7/, then A;T F pack(r’,e1) as Ja.7 3¢ pack(r’, e2) as Ja.7 :
Ja.T.

Proof:
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e Suppose wy € World,,, (81,02, p) € D;[A]wo, (k,w,y1,72) € G4[I']p and (k,w) 3 (n, wp).
e To show: (k,w,d1y1(pack(7’,e1) as Ja.7), dav2(pack(r’, e2) as Ja.7)) € E! [Fa.T]p

o Assume w.oq;617v1(pack(7’, e1)) <7 o1; pack(d1(7'),v1) where j < k.

e Instantiating the assumption yields (k,w, d17v1(e1), d2v2(e2)) € EL[7[r'/a]]p.

*

e Consequently, there exists (k — j,w’) 3 (k,w) such that w.oq; d2y2(pack(r’, es)) —
w'.o9; pack(da(7’), v2) with w'.o; = o1 and (k — j,w’,v1,v2) € VH[r[r"/a]]p.
e It remains to show (k — j,w’, pack(01(7"), v1), pack{da(7'), v2)) € V,*[Fa.]p.
o Let r:= (w'.o5(61(7")), w' .05 (62(7")), Vk"_j[[T’]]p).
o If 1 = o, then (61(7'), d2(7"), ) € Ty, _;[Yw".p is obvious.
e If t = o, then we show (d1(7'),d2(7"),7) € Ty _;[Q]w".p as follows:
— Let § := au(dy, 02, wo.n).

— It suffices to show
(01(7"), 02(7"), ) = (W' "o (7"), 0" ('), (w'.p*S(7"), 0. p28 (), Vie_; [0 (7). p)).
— By Lemma 2.7, (01,02, |px—;) € Dp_;[A]w'".
— First, §;(7") = w'.n'6(7') by Lemma 2.13.
— Second, w'.o}(6;(1")) = w'.o} (w' m'§(7")) = w'.p'5(7") because of Lemma 2.13 and w’ €
World.
— Finally, Vi?_,[7']p = Vi?_;[6(7")]w’.p by Lemma 2.14.
o We claim that (K", w”,v1,v2) € V![T]p, a7 for any (K", w”) 3 (k — j,w’).
e By Closure Under World Extension (2.8) we have (K", w”,v1,v2) € Vi[r[r'/a]]p.

e The claim then follows by Restriction (2.4), Substitution (2.10), and Lemma 2.2.

Lemma 2.24 (Compatibility: unpack)
IFA;TFe Ztey:Jar and Ao Ty 7' - e3 Xt eqg: 7 with A F 7, then A; T+ unpack(a, z)=e; in
es St unpack(a, z)=eq in ey : T.

Proof:
e Suppose wy € World,,, (1,02, p) € D [A]Jwo, (k,w,v1,72) € G4,[T']p and (k,w) 3 (n,wp).
e To show: (k,w, d1y1(unpack{c, x)=e; in e3), day2(unpack{c, x)=es in e4)) in E4[7]p
e Assume that w.oq; 0171 (unpack{a, z)=e; in e3) terminates in j; + 1 + jo =: j < k steps:

~w.o; 0171 (unpack{a, xy=e;y in e3)
—J1 gf;unpack(a, )= pack(r,v1) in 171 (e3)
Lol dimi(es) /ol /]
=72 o503

—
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e Instantiating the first assumption yields the existence of (k — ji,w’) 3 (k,w) such that
w.o2; day2 (unpack(a, xy=ey in eq) —* w'.09; unpack{a, )= pack(ra, v2) in d2y2(e4) with
w'.op = of and (k — j1,w’, pack(ry,v1), pack(rz,v2)) € V! [Fa.7] p.

e Hence there is r such that (71, 72,7) € T}_; [Q]w’ and

(k=71 —1, (W |k—j,—1,v1,v2) € V[T ]p, co—r.
e By Lemma 2.7, (61,02, [p)k—j,) € Dj_; [AJw'".
o Let (81,05, p") := (01, a=71), (02, 0—=72), ([Pl k—ji» —=7))), 50 (81,05, p") € Dy [A, ofw".
e By Closure Under World Extension (2.8) we know (k — j1 — 1, |[w']|k—j,—1,71,72) € G, [T]p.
e By Restriction (2.4) and Irrelevance (2.6), (k — j1 — 1, [0 ]5—j,—1,7,72) € Gj,_;, [T]p".

e Let v} := ~;, m—wv;, so by Restriction (2.4) and Irrelevance (2.6) we get

(k=g =1, [w'k—ji—1,71,72) € Gy, [T, m:7"]p'.

e Now, instantiating the second assumption with w’ € Worldy_j,, (61,05,p") € Dj_; [A, a]w’
and (k —j1 — 1, [w']k—ji—1,71,72) € Gj,_;, [T, 2:7"]p’ yields
(k -1 —1 LwIJk*jlfla 5/171(63)’ 5é’7é(€4)) € EILc—jl [[T]]p/.

e Note that
577i(€i+2)
= 6i(vi(eir2)[vi/x])[Ti/a])
= 6ii(eiv2)[vi/x][r:/ ) since = w'.0i;v; : (p, Vi [7"]w’.p)'(7')
= 0;vi(eisa)[mi/a][vi/z] since = w'.o5;v; : (p, e Vi, [ 1w’ .p)* ()

e Therefore, of;817y1(e3)[r1/a][vi/z] <72 o1;v3 implies the existence of (k — j,w”) I (k —
J1 — 1, [w' |k—j,) such that w'.o9;d2v2(eq)[2/][v2/x] —* w"09;v4 with w”.01 = o1 and
(k - j7 ’U)”,U3,'U4) € Vkajl [[T]]p/'

e By Restriction (2.4) and, since A F 7, by Irrelevance (2.6), (k — j,w”, vs,vs) € V][] p.

Lemma 2.25 (Compatibility: new)
IfA a~m;TFe Stes:7and AF7and AFT, then A;T Fnewast" ine; I newas7" ines: 7.

Proof:
e Suppose wy € World,,, (1,02, p) € D [A]Jwo, (k,w,v1,72) € G4,[T]p and (k,w) 3 (n,wp).
e To show: (k,w,d17y1(new a7’ in e1), day2(new a7’ in e2)) € E! [7]p.
e Assume w.oq; 0171 (new a7’ in eq) terminates in 1+ j' =: j < k steps:

w.o1; 0171 (new ax7’ in e7)
Lw.oy, a1 (7"); 6171 (e1) [ /@l
-7
=7 o

—
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e Note that w.o2; 6272 (new a7’ in eg) —! w.oq, aaxda(7'); 2v2(e2) a2 /al.

o Let wy := wW (161 (7"), aemda(77), = (a1, az), a—(p' (77), 2 (7"), Vi1 1p)k)), so
(k,ws) 3 (k,w).

e By Lemma 2.7, (01,02, | p|r) € D} [A]wa.

o Let (8,8, p') i= (61, ama1), (63, amasz), (Lol am(02(), 92(), VEL T Lo i)

e Note that we.0i(a;) = 6;(7'), i = wa.n'(a), and we.p(a).R = V'] p]k-

e Therefore, (07,05, p’) € D [A, ax1'w,.

e By Closure Under World Extension (2.8) we know (k — 1, |wqa |k—1,71,72) € G4[T]p.
e By Restriction (2.4) and Irrelevance (2.6), (k — 1, |wa |k—1,71,72) € GL[T]p".

e Now instantiate the assumption with w, € Worldy, (87,85, p') € Di[A, a~T'|w,,
(k =1, [wa]k—1,71,72) € Gi[I]p" and (k — 1, |wa]k—1) T (k,wa) to get
(k =1, [wlk-1,0171(e1), 0572(e2)) € Ei[r]p".

e Note that 51’-%(61') = 0;7vi(es)[ou/al.

e Consequently, there exists (k — j,w”) 3 (k — 1,w,) such that w.oq, agmda(7'); ay2(e2) —*
w”.o9;v2 with w”.01 = o1 and (k — j,w”,v1,v2) € Vi [7]p’.

e Because of A F 7, Irrelevance (2.6) and Restriction (2.4) yield (k — j,w”,v1,v2) € Vi [7]p.
]

Lemma 2.26 (Compatibility: cast)
IfAFT and AF 71 and A F 7o, then A;T'Fcast 7y 75 Z% cast 1y 7o 2 11 — T2 — To.

Proof:
e Suppose wy € World,,, (81,02, p) € D2 [A]wo, (k,w,v1,72) € G&[T]p and (k,w) 3 (n,wp).
o To show: (k,w,cast 61(71) 01(72), cast d2(71) 62(72)) € En[m1 — T2 — T2]p.
e Case §1(m1) = 61(m):

— Then we have the following reductions:
w.oy;cast §;(11) 6;(12) =1 w.o; Av:0;(11) Axe:6;(2).21

— Hence it suffices to show
(k — ]., |_’LUJ k—1, )\1'12(51(’7’1).)\1’22(51(7’2)..%1, )\xl:(52(71).)\x2:52(72).x1) S Vn.[[Tl — T2 — TQ]]p.

So suppose (k',w’) J (k— 1, |w]r—1) and (', w’,v1,v2) € V2 [ ]p.
To show: (k’7w’7 )\xgi(sl(’rg).’l}h >\$22(52(’7'2).’U2) S E;L[[TQ — TQ]]p.

— By Inclusion (2.3) it suffices to show (k', w’, Ax2:61(72).v1, Ax2:82(12).v2) € V,*[r2 — T2]p.
— So suppose (k”,w") 3 (K',w") and (k",w", v}, v3) € V [r2]p.
— To show: (K", w"”,v1,v2) € Ef[72]
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By Inclusion (2.3) it suffices to show (K", w”,v1,v2) € V.2 [12]p.
— By Closure Under World Extension (2.8), (K", w",v1,v2) € V.2 [r1]p-
— Let 4 := au(dy, d2, wp.n).
— Then 6(11) = wo.n"01(11) = wo.n"%01(72) = d(72) by Lemma 2.13.
— The claim then follows by Lemma 2.14.

e Case d1(71) # 01(m2):
— Then we have the following reductions:

w.oy;cast 8;(11) 8;(12) =t w.oy; Awy:0;(11) Aw2:0;(2). 22

— Hence it suffices to show
(k‘ — 1, |_U}J k—1, /\3712(51(7'1)./\3721(52(7'1)..1‘2, )\.’1,‘12(52(7'1).)\.2?22(52(7'2).1‘2) S VTL.[[TI — T2 — TQ]]p.

— So suppose (K',w') 3 (k— 1, |w]r—1) and (K, w’',v1,v2) € V.2 [11]p-
— To show: (k' ,w', Ax2:02(T1).T2, Ax2:02(72).22) € EX[12 — T2]p.

By Inclusion (2.3) it suffices to show (k',w’, Axa:02(71).22, Ax2:02(12).22) € Vo [r —
Tg]]p.
— So suppose (K", w”) 3 (K',w’) and (K", w"”, v}, v5) € V.2[r=]p.

By Inclusion (2.3) it suffices to show (K", w”,v{,v}) € V,2[r=2]p, which is given.

|
Lemma 2.27 (Compatibility: conv)
IfA;THe Zteg:7and AF7Ta7, then A;THep Ztey:T.
Proof: Follows from Type Compatibility (2.11). |

Note that we do not have compatibility of X° with CAST.

Lemma 2.28
IfA;ThHe Ztea:m, A DA TVDOT, and A’ F T, then A;TVFep Zteg:T.

Proof:
e By assumption and Weakening we know A’;TV Fe; : 7.

e So suppose wy € World, (6},85,0') € Di[ATwo, (kyw,7},%) € G4[I']y/, and (k,w) =
(n,wo).

To show: (k,w,6171(e1), 5375(€2)) € B [7] 0/

Let d;, p, v; be the restriction of &;, p’, v/ to dom(A), dom(A), dom(T") respectively.

e It’s easy to see that then (01,d2,p) € D:[AJwy and, with the help of Irrelevance (2.6),
(ks w,71,72) € GL[p.

Hence by assumption, (k,w,d17y1(e1), d272(e2)) € E*[T]p.
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e Since A F 7 and A;T' F +; by assumption and Validity, we have ,v/(e;) = d;vi(es).

e The claim then follows by Irrelevance (2.6).

Lemma 2.29 (Fundamental Property)
IfA;TFe:7,then A;THeZ%e:T.

Proof: By induction on the derivation, in each case using the appropriate compatibility lemma.
|

Lemma 2.30 (Fundamental Property)
If A;T'Fe: 7 and e does not use cast, then A;T'Fe 3°e: 7.

Proof: By induction on the derivation, in each case using the appropriate compatibility lemma.
|

Lemma 2.31 (Congruence)
FA;THe :7and A;sT Feg:7and A;T Fep 3% e :7mand C: (A;T;7) ~ (AT 77), then
AT F Cleg] 3° Cleg] = 7.

Proof: By induction on the derivation of the context typing, in each case using the appropriate
compatibility lemma and possibly the Fundamental Property. For C' =[] we use Lemma 2.28. B

Theorem 2.32 (Soundness of 3* wrt. <)
fATFe :7and A;TFeg:7and A;T Fep Z%eq: 7, then A;T Fe;p Seg 7.

Proof:
e Suppose o and C : (A;T;7) ~ (0;0;7') and o;Cleq] |, i-e., o;Cler] =7 o1;v1.

e To show: 0;Cles] |, i.e., 0;Clez] —™* 02509

e By Congruence (2.31) we have ;0 F Cle;] 3° Clea] : 7.
e Say 0 = QIRTY,. ..,y RT,.
o Let
gp ‘— €
Oit1 = 04, Qi 1:Tj41
50 = @
Oig1 := 0i, Q4141
po =10
pit1 = pis iv1—V2o[Tiva]pi

w:= (0,0, {a;— (s, ;) | 1 <i<n}, pp)
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First, note that p; € Interp,,, and w € World; 1.

Furthermore, given 0 <i < n, it is easy to see that (d;,di, pi) € D§ 5[o:]w implies
(Git1,0i41, pit1) € DS pploia]w.

Together with (do,d0, po) € D3 o[€]w this means (3, dn, pn) € DF 45 [o]w.

Now instantiate o;0 = Cle1] Z* Clea] : 7/ with w € World; 12, (5,0, pn) € D 5[o]w and
(G; Lw];,0,0) € G5 5[élpn to get (j+1, [w]j41,0n0(Cler]), 0n0(Clea])) € B o[ Ipn-

Note that §,,0(C[e;]) = Cle;].

Consequently, o; C[e1] <7 oy;v; implies o; Clea] —* a9;vs.
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2.4 Wrapping

Lemma 2.33

newt aine

new~ «in e

Wi (v)

new axa in e
e

v

v

let z=v in <er_[1 (:E.l),\?\/'rf2 (z.2))

Aviri. Wi (v Wi (2)

unpack (a, z)=v in new® « in pack (o, Wr (z))
Acv. newT v in WrE (v @)

let z=e in Wr(z)

If 0 : e —J o'; ¢, then o; WrE(e) —7 o/; WrE(¢).

Proof: Obvious from the definition.

2.5 Relating the Relations

Lemma 2.34

Tr[Qw = T, [Qw € T [Qw = T [Qw

Theorem 2.35 (Chain)
LV Irlp € Vilrlp C VI Irle

2. E;[rlp € EL[7]p € EXI7]p

Proof:
1.

e Case 7 = o Trivial

e Case 7 =7"— 1"

(a) V.o Irlp € Vilrlp:

By mutual induction on 7.

e Case 7 = 7' x 7": Follows easily by induction.

— Suppose (k, w, \z:71.e1, \x:T2.62) € V" [T — T']p.
— Suppose (K, w',v1,v2) € V. [7"]p with (K, w’) 3 (k,w).

— By induction, (K, w’,v1,v2) € V.F[7"]p.

— Hence by assumption, (k',w’, e1[v1/z], ealva/z]) € E; [7']p.
— So by induction, (k',w’, ei[v1/x], ea[va/x]) € EL[7']p.

— Therefore, (k,w, Az:11.e1, A\x:T2.€2) € VI[T" — 7']p.

(b) Vilrlp € Viflrlp:

— Suppose (k, w, Az:11.e1, Ax:T2.€2) € V[T — 7']p.
— Suppose (k' ,w',v1,v2) € V,, [7"]p with (K, w") 2 (k,w).
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— By induction, (', w’,v1,v2) € V:[7"]p.
— Hence by assumption, (k',w’,ei[v1/z], ealva/x]) € EL[7]p-
— So by induction, (k',w’, e1[v1/x], ea[va/z]) € EF[T']p.
— Therefore, (k, w, \z:11.€1, \:12.€2) € VI [T — 7] p.
e Case 7 =Va.r":

() Vir[rlo € Vi rlp
— Suppose (k,w, Aa.er, Aa.es) € V- [Va.m']p.
— Suppose (K", w"”) 3 (K',w') 3 (k,w) and (71, 72,r) € T [Qw'.
— By Lemma 2.34, (11, 72,7) € T;/ [Qw'.
— Hence by assumption, (k',w’,e1[m1/a], ea[2/a]) € E; [7']p, cv—r.
— So by induction, (', w’, ei[r1/a], ea[r2/al) € E:[7']p, —r.
— Therefore, (k,w, Aa.e1, Aa.es) € Vi[Va.m']p.

(b) Vilrlp C VS [7]p:
— Suppose (k, w, Aa.er, Aa.es) € V) [Va.T']p.
— Suppose (K", w") 3 (K',w’) 3 (k,w) and (11, 72,r) € T, [Qw'.
— By Lemma 2.34, (11, 72,7) € T} [Q]w'.
— Hence by assumption, (', w’, e1[11/a], ea[m2/al) € E: [7']p, a—r.
— So by induction, (k',w’, e1[r1/a], ez[r2/a]) € EF[r']p, arr.
— Therefore, (k,w, Aa.eq, Aa.es) € VI [Va.7'] p.

e Case 7 = Ja.7":
(a) Vi [l € Vil
— Suppose (k, w, pack{r,v1), pack(ra,v2)) € V, [Fa.7'] p.
— So there is r such that (71, 72,r) € T [Q]w and (K, w’,v1,v2) € V, [7']p, ar—r
for any (k',w’") O (k,w).
— So by induction, (k',w’,v1,vs) € V:[7']p, =1 for any (K',w’) 3 (k, w).
— By Lemma 2.34, (11, 72,7) € T}[Qw.
— Therefore, (k,w, pack(r,e1), pack(ra, e2)) € V.t [Fa.7] p.
(b) Vilrlp C V, [7]p:
— Suppose (k,w, pack{T, v1), pack{Ta,v2)) € V. [Ta.7']p.
— So there is 7 such that (71, 7,7) € T[Qw and (K, w',v1,v2) € Vi [7']p, =7
for any (K, w’) 3 (k,w).
— So by induction, (K',w’,vi,ve) € V,F[7']p,a—r for any (K, w’) 3 (k,w).
— By Lemma 2.34, (11, 72,7) € T,j'[[Q]]w.
— Therefore, (k,w, pack(r, e1), pack(rs,e2)) € V. [Fa.7]p.

2. Follows easily from part (1).

Theorem 2.36 (Wrapping I)
Suppose wg € World,,, (1,92, p) € D:[A]Jwo, (k,w) 3 (n,wp), and A 7.
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k,w
k,w

k,w
k,w

o~ o~ o~ o~

,v1,02) € VO [7]p, then (k,w, 51 (Wrl (v1)),52(Wrl (v2))) € E;*[r]p-
,e1,e2) € ESF[r]p, then (k,w, 51 (Wrt(e1)), d2(Wrl(e2))) € E*[7]p.
,v1,v2) € V.5 [7]p, then (k,w,d1(Wr; (v1)),02(Wr, (v2))) € E>~[7]p-
,e1,e2) € EX*[r]p, then (k,w, 81 (Wr; (e1)),d2(Wr (e2))) € E>~ [7]p-

Proof: By induction on 7. Note that J§; only affects the type annotations of abstractions and
packages produced by Wrt.

1. (a) e CaseT=aor7=>0 Trivial.

e Case =7 — 7" v; = 17565

Suppose (k',w’,vs,v4) € V,>*[7']p where (K, w
To show: (K',w’,61(Wrl, (Az:mi.e1) Wro(vs))
Ex .

So suppose w’.o1; 81 (Wr, (Az:71.e1) Wi, (v3))) terminates in ji; +1+j2 =: j <
k steps:

)3 (k,
0o (Wi, ((Mez) Wi (v4)))) €

o 01,51(Wr ((Azy.er) Wrz (v3)))

I gl 6 (Wrh, (Azimy.er) v)))

—! 01,51(W1" (er[vs/2]))

—J2 gy ’Ul
By induction, (k',w’, 61 (Wr_, (v3)), 02(Wr_, (v4))) € Eg~[7']p.
This implies the existence of (k' — j1,w”) 3 (K, w’) such that
w'.o9; 62(Wrh, (Az:ima.e2) WrL(vs))) = w”.09; 6o(Wrl, (Az:i72.e2) v})) with
w”.01 = of and (K — j1,w"”,v5,vy) € V.o [7']p.
So by assumption, (k' — ji,w”, e1[v}/x], e2[v)/x]) € EZF[7"]p.
By induction, (k' — j1, w”, 01 (Wr (e1[0/a])), 62(Wr (eafo /a]))) € Ey*[+"]p.
Now by Closure Under World Extension (2.8),
(K" = g1 = 1, [w" Jumjy—1, 61 (Wil (ex [vh/])), 82(WrL (ea[v) /2]))) € B [7"]p-
Hence there exists (k' — 7, w"') (k' —j1 — 1, [w”|k—j,—1) such that
w” .25 81 (Wrh (e2v)/z])) —* w".o9;vh with w01 = o and
(k= j,w" v}, v5) € V. *[r"]p.

e Case 7 = Va.7’: v; = Aav.e;

To show: (k,w, Aa.d1 (Wil (v1 @), Aa.da (Wi, (ve @) € Vi * [Vaur']p

Suppose (k”,w") 3 (K',w') 3 (k,w) and (11, m9,7) € T}, [Qw’.

To show: (K", w", 8 (Wrl, ((Aa.er) 7)), 05(Wrt (Aauez) 1)) € E;*[7']p, cor,
for 0} := &;, .

So suppose w”.o1; 81 (Wi, ((Aa.er) 71)) terminates in 1+ j1 + jo =: j < k steps:

w' 0-17(5'( ((Aa.el)ﬁ))
‘H.l w” .05 07 (Wrl (er[m1/a)))
1 0'1,5/ (WI"T ( ))

«3J2 O-l;rU/l/

By Lemma 2.34, (71, 72,7) € Ty, [Q]w'.
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Instantiate the assumption with (k" — 1, |w” |pr—1) 3 (K,w’) T (k,w) and
(11, 72,7) to get (K" — 1, |w" |xr_1, e1[r1 /], ea[r2/a]) € ES T[] p, arr.
Consequently, there exists (K" — 1 — ji,w”) 3 (K" — 1, [w” |r»—1) such that
w”.o9; 64(Wrl (ea[re/al])) —* w”.o9; 85 (Wrl, (vh)) with w0y = o and (k" —
1 — g1, w” vy, vh) € Vor[r']p, cv—r.

Since (01,02, | p)r) € D5, [A, a]w’ by Lemma 2.7, Lemma 2.34 yields

((5'1, 5év (LPJ L) ()&—W”)) € chc)’ ﬂAv a]]w/'

By Restriction (2.4) and Irrelevance (2.6),

(K" =1 — j1,w"” i, vh) € Vot ]| pl, a—r.

Hence by induction,

(K" =1 — ji,w"”, 8 (Wi, (v1)), 85 (Wi (vh))) € B[] Lpw, arr.
Hence there exists (K" — j,w””) 3 (k" — j1 — 1,w"”) such that

w"” .o9; 65(Wrl (vh)) —* w093 vl with w"”.01 = oy and (k" — j,w
V.o 7] el &, e

By Restriction (2.4) and Irrelevance (2.6) the latter means (k" — j, w
V.o I p, a—r.

n

meo, 0,0
,1)1,'02)6

meo, 11
7U13U2)€

e Case 7 = Ja.7’: v; = pack(r;, v})

To show: (k,w, unpack(a, z)=v; in new a=a in pack(a, §; (Wrl, (z))),

unpack(a, T)=vs in new a=a in pack(a, 82 (Wrl, (z)))) € E;,*[B3a.m']p

So suppose w.oq;unpack(a, r)=v; in newama in pack{a,d (Wrl (z))) termi-
nates in 1+ 1+ j' =: j < k steps:

w.op; unpack({, z)=v; in new a~a in pack(a, 61 (Wrl, (z)))
! w.op;new aarry in pack{a, 6 (Wrl (v])))
w.o1, a17y; pack{a, 81 (Wil (v])))
—J" oy;pack(ay, v)

where 0] := 01, a—ay
Note that

w.o2; unpack(a, £)=v, in new a~a in pack(a, 5o(Wrl, (x)))
1 w.o9; new ammy in pack{a, 02 (Wi, (v4)))

1 w-Uz,OLQQﬁTQ;PaCk<04275§(Wr:(Ul2))>

where 04 := dq, a—an

By assumption we know (k’,w’, v}, v5) € V.2 [7'] p, co—r for some r with
(11,72,7) € T [Qw and any (K, w) 3 (k, w).

Let we = |w]g—1 W (a1/71, aamm, a—(aq, ag), a—|r]k—1), so (k — 1,ws) 3
(k,w).

Hence (k — 1, w,, v, vh) € V.oH 7] p, co—r.

By Closure Under World Extension (2.8),

(k — 2, |wa ] k—2,v1,v5) € VO[] p, co—r.

Let 7 := (wa.p* (@), wa.p?* (), Vi1 [e]wa) = |7]k—1,s0 (a1, as, ") € T} S [Qwa.
By Restriction (2.4) and Irrelevance (2.6), (k — 2, |wq | k—2,v],v5) € V.o N [7'] o’
for p' :=|p|k—1,—1".
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— By Lemma 2.34, (a1, a2,7") € TP [Q]wa.

— Furthermore (41, d2, |p]k—1) € Dy_;[A]ws by Lemma 2.7, so

(01,02, 0') € DY 4 [A, efwa.

Hence induction yields (k—2, |wq |r—2, 61 (Wrl, (v})), 85(Wr, (v4))) € E;*[7']0'.

— Because wy.01 = w.01,a1/71, this implies the existence of (k — j,w’) 3 (k —
2, w,) such that w.cq, an~Te; pack({ag, 5 (Wrl, (v4))) —* w'.09; pack({as, vl) with
w'.op =0y and (k — j,w',vf,v8) e V. *[7']p’.

— By Restriction (2.4) and Irrelevance (2.6), (k — j,w’,v{,v5) € V.- *[7']p, a—7".

Since (a1, ag,r’) € T, 5[Q]w’ by Lemma 2.34,

(k — j,w’, pack(c’,v7), pack(ca/,v5)) € V. *[Fa.7']p follows by Closure Under

World Extension (2.8).

Suppose w.o1; 81 (Wrt (e1)) terminates in j; + jo =: j < k steps:

w.oy; 61 (Wrf (e))
=7t o561 (Wit (1))
f_)j2 Ul;vll

So by assumption there exists (k — j1,w’) 2 (k,w) such that w.oq; do(WrS (eg)) «—*
w'.o9; 02(Wr (v2)) with w'.oq = o and (k — j1,w’,v1,v2) € V.o [7]p.

By part (a), (k= ji,w’, 61(Wrf (v1)), 82(Wrf (v2))) € B []p.

Consequently, there exists (k—j,w”) 3 (k—j1,w’) such that w’.o9; 52(Wr (vg)) —
w’.o9; vy with w”.0p = o1 and (k — j,w”, v}, vh) € V- *[7]p.

*

Case 7 = o or 7 = b: Trivial.
Case 7 = 7/ — 7'": Symmetric to arrow case of (1a).
Case 7 = Va.7': v; = Aae;
— Toshow: (k,w, Aa. new a=a in §; (Wr_, (v1 @)), Aa. new a=a in d2(Wr_, (v2 @0))) €
V.o Va.r']p
— Suppose (K", w") 3 (K, w") 3 (k,w) and (71, 72,7) € T,:,’Jr[[Q]]w’.
— To show: (k"”,w"”, new amy in 61 (Wr_, ((Aaver) @),
new oty in d2(Wr, ((Acve2) @))) € Ep [ p, av—r
— So suppose w”.o1; new a7y in 81 (Wr_, ((Ac.er) o)) terminates in 141451 +j> =:
j < k steps:

w”.o1;new a7y in 81 (Wr, ((Acver) o))
=1 wor, 0121501 (Wr ((Aacer) aq))
w”.o1, 1711301 (Wi (e1[a1/a]))
=71 01301 (Wrp (v1))
sJ2 o1; U/l/

where 0] := 01, a—ay
— Note that
w” .o, new arTy in 62 (Wr_, ((Aa.es) @)
w”.o aarTe; 05(Wr, ((Aa.ez) )
w0, aarTo; 05(Wr (ealan/al))

1
1

—

—

where §} := 09, a—aa
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— Let w) := |w" |pr—1W(a1~T1, aorTe, a— (0, ag), a— 7| jr—1), so (=1, wl) 3
(k//) w//).

— Let v’ := (wll.p* (o), wll.p* (), V& _ [@]wll.p) = |r]k—1, so
(o1, 00,7") € Ty [Qwl.

— Instantiating the assumption with (k" — 2, [w/ |rv—2) 23 (K" — 1,wl) 3 (K", w")
and (aq,ag, ') yields (k" — 2, [w! ]| g2, e1]a1/al, ea|as/a]) € EF-*[r]p, a—r'.

— Consequently there exists (k" — 2 — ji,w”) 3 (K" — 2, |w) |r—2) such that
w” .09, asRTe; 05(Wr (e2]a/al)) —* w".02;65(Wr_, (vh)) with w”’.0q = o1 and
(K" — 2 — jr,w" v, vh) € Vb2 [r]p, a—sr.

— By Lemma 2.34, (o1, a0,7") € T, _; [Q]wl.

— Furthermore (01, 62, |p|x—2) € Dpy_o[A]wl, by Lemma 2.7, so
(5I1a 5év (LPJ k" —2; a'_)rl)) € Dli”—2[[A7 a]]wg.

— Hence by induction,
(K" =2 = w8 (W (1)), 85 (Wi (45))) € B[] Lp a2, cvr”.

— Consequently, there exists (k" — j,w"””) 3 (k" — 2 — j;,w"") such that
w” .o9; 85(Wr_, (vy)) —=* w"””.02; v such that w"”.01 = 0y and
(k/,// _ j, w////’ /Ull/’ vé/) c Vno,—[[,r/]] I—pj K —2, a'_),r,/

— By Restriction (2.4) and Irrelevance (2.6), (K" —j7, w"”, v{,v5) € Vo~ [7'] p, .

e Case 7 = Ja.7": v; = pack(r;, v})

— To show: (k,w, unpack(c, z)=wv1 in pack(c, 1 (Wr_, (z))),
unpack(a, z)=vs in pack(c, d2(Wr_, (x)))) € Eg~ [Be.t]p

— So suppose w.o1; unpack(a, z)=v; in pack(c, §; (Wr_, (z))) terminates in 1+ j" =:
7 < k steps:

w.o1; unpack(a, z)=v1 in pack(e, 1 (Wr_ (z)))
=1 w.oy; pack(ry, 81 (Wr_ (v))))
7’ o1; pack(ry, vy)

where 8] := 01, w—7
— Note that

w.o9; unpack(ca, £)=v, in pack(c, d2(Wr_, (z)))
—1 w.oy; pack(Te, 85(Wr_ (v5)))

where 6} := o, a9

— By assumption we know (k—1, |w]x_1,v],v5) € V,.*[7'] p, av—r for some r with
(11, 72,7) € T *[Qw.

— By Lemma 2.34, (11, 72,7) € T2 [Q]w.

— Furthermore (1,92, [plr) € Dy[A]Jw by Lemma 2.7, so (61,95, (Lplk, 1)) €
Dy[A, o]w.

— Hence induction yields
(k= 1, [w]g—1,01(Wr (v1)), 0(Wrr (v3))) € Ep™ [7'] o)k, o

— Consequently, there exists (k — j,w’) 3 (k — 1, |w]r—1) such that
w.og; pack(Ta, 05(Wr, (v5))) —* w'.o9; pack(re, vy) with w'.c1 = o1 and (k —
Jsw', o vg) € Vi m [ o) ks ot
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— By Restriction (2.4) and Irrelevance (2.6), (k — j,w’, v}, v§) € V>~ [r'] p, co—r.
— Since (11,72, 7) € Ty~ [Q]w by Lemma 2.34, (k—j,w’, pack (71, v{), pack(r2, v4)) €
V.2~ [Fa.m']p follows by Closure Under World Extension (2.8).
(b) Symmetric to (1b).

]
Theorem 2.37 (Wrapping II)
Suppose wg € World,,, (61,92, p) € Do[A]wo, (k,w) 3 (n,wp), and A+ 7.
L (a) If (k,w,v1,v2) € VP [7]p, then (k,w, 61(Wrf (v1)), 82(Wif (v2))) € B []p
(b) If (k,w, e1,ex) € E2[7]p, then (k,w,d;(Wrl(e1)),d2(Wrl(e2))) € E2[7]p
2. (a) If (k,w,vy,v2) € V2[r]p, then (k,w,d (Wr, (v1)),d2(Wr, (v2))) € E2[7]p
(b) If (k7w7 €1, 62) € E’:L'IT]]pﬂ then (ka wvél(wr;(el))a 52(WI‘;(€2))) € ESLHTHP
Proof: Follows immediately from Wrapping I (2.36) and Chain (2.35). |

Corollary 2.38
IfFe; 3°ey:7, then F Wrt(e;) 3® Wrt(eg) : 7.

3 Examples

3.1 Semaphore ADT, d-version

T:=ax (ad— a) X (a — bool)
vy = (true, \x:a.—x, \x:a.x)
vg = (1, Az:a.l — x, Av:ae # 0)
e1 := new arzbool in pack{a, v1) as Ja.T
e2 1= new a=zint in pack{a, vo) as Ja.T
We show €;€ e 3° ea : Ja.7; the other direction is proven analogously.
e Suppose wg € World,, (41,92, p) € D2 [e]wo, and (k, w,v1,72) € Goe]p with (k,w) 3 (n,wp).
e To show: (k,w,d171(e1),0272(e2)) € EL[3a.T]p, i.e., (k,w,e1,e2) € E2[Ta.T]p
o We know:

— w.op;e1 = w.op, ay~bool; pack{ay, vi[ay /al) as a1

— w.o9; e —* w.o1, agint; pack{we, va[as/al) as Ja.T
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o Let

R:={(K' v va,vp) € Atomg_1 | (va,vp) = (true,1) V (va,vp) = (false,0)}

Wo := |w]k—1 W (ay=bool, aa=int, a—(ay, az), v—R)
such that (k — 1,wy) 3 (k,w).
o We claim (k — 1, w,, pack{aq, vi[ag/a]) as a.T, pack{ae, va[az/a]) as Ja.7) € V.2 [Fa.T]p.
e Note that o = wl(a) and ap = w? ().
e So suppose (k' ,w') 3 (k — 1,w,).

o To show: (K, w',vilan/al,vz]az/a]) € Vela x (@ — a) x (@ — bool)]p, a—V,*_, [a]wa.p,
which decomposes into three parts:
1. (K, true, 1) € V2 [a]p, o—V2_; [a]wey.p, which holds since V2 [a] p, av— Ve [e]wa.p =
Vi [e]we.p N Atom,, = wy.p(a).R N Atomg_1 = R > (K, w’, true, 1).
2. (KW' Az:iag.—z, Avias.l — ) € Vila — a]p, =V [a]wa.p
— Suppose (K", w",v3,v4) € V2a]p,a—V? | [a]ws.p for (K, w"”) 3 (K, ,w'), ie.,
(K", w" vs,v4) € R, so either (vs,v4) = (true, 1) or (vs,vs) = (false, 0).
— To show: (K", w",—ws,1 —v4) € Epa]p, a—V? | [a]wa.p.
— If (v3,v4) = (true, 1), then w”.o1; —w3 —! w”.0q; false and w”.09; 1—vy4 —* w”.09;0.
— Note that (k" — 1, [w" |r_1,false,0) € R =V [a]p, o=V [a]wq.p.
— Similarly for (vs,vs) = (false, 0).
3. (K W' Axiag.x, Ax:ag.x # 0) € V.2 [a — bool]p, =V, [a]wa.p
— Suppose (K", w",v3,v4) € V2a]p,a—=V? | [a]wa.p for (K, w") 3 (K, ,u'), ie.,
(K", w" vs,v4) € R, so either (vs,v4) = (true, 1) or (vs,vs) = (false, 0).
— To show: (k”,w”,v3,v4 # 0) € Ep[a]p, a—Ve_[a]wa.p

O w”.oy;true and w'” .o v4 # 0 —* W .09; true.

— If (vs, v4) = (true, 1), then w”.oq;v3 —
— Note that (k" — 1, |w” | _1, true, true) € V.2 [bool]p, —V?_; [a]wq.-p-

— Similarly for (vs,vs) = (false, 0).
3.2 Semaphore ADT, V-version

T:=ax (e — a) X (a — bool)

vy := (true, \x:bool.—x, A\x:bool.x)

vg := (1, Azzint.z — 1, Azint.x # 0)

e1 := Az:Va.T — bool.(new arbool in x a) v

es 1= Az:Va.T — bool.(new axint in = o) vo

We show €;¢ ey 3® es: (Va.7 — bool) — bool; the other direction is proven analogously.

e Suppose wg € World,, (41,92, p) € Dy [e]wo, and (k,w,v1,72) € Gole]p with (k,w) 3 (n, wp).
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e To show: (k,w,w.n'dvi(e1),w.n?dv2(e2)) € ES[(Va.T — bool) — bool]p, i.e., (k,w,e1,e2) €
V.2 [(Va.r — bool) — bool]p.

e So suppose (k',w', Aa.es, Aa.eq) € V2 [Va.T — bool]p where (K',w’) 3 (k,w).
o To show: (K, w’, (new arbool in (Aa.ez) @) vy, (new axint in (Aa.eq) @) v2) € ES[bool]p.
e Suppose w'.o1; (new axbool in (Aa.e3) o) v1 terminates in 2 + j; + 1 + jo =: j < k’ steps:

w'.o1; (new axbool in (Aa.ez) ) vy
w'.o1, ayabool; eg[ay /a) v1
I gl (Az.el) vy

a1; e3lvr /]
=72 01303

e We need to show the existence of (k' — j,w””) O (K, w’) such that w’.o9; (new arbool in
(Aaey) a) vy —* w"".og;v4 with w".01 = oy and (K’ — j,w""”,v3,v4) € V,?[bool]p.

o Let

= {(K",w",vq,vp) € Atomy_1 | (vg,vp) = (true,1) V (vg,vp) = (false, 0)}

= |w']x—1 W (a1xbool, ag~int, a— (a1, as), —R)

= [w) ]2

e Since (k' —2,w") 2 (k' — 1,wy,) 2 (K, w') and o € TyPyom(ur, ) We know
(k' —2,w", es[ar/al, ealaa/a]) € E[T — bool]p, —Vs_ [a]wl,.p.

e Consequently, there exists (k’ —2—j1,w") 3 (k' — 2,w"”) such that

w09, agmint; eqfan /o vg —* W .og; (Ax.€))) vo with w”’ .01 = o and

(k' =2 — j1,w", Ax.ef, Ax.ely) € V.2 [1 — bool]p, v— Ve [a]w,.p.

o If we can show (K’ —2 —j1 — 1, [w" |p—o—ji—1,v1,v2) € V2 [7]p, =V _ [a]wl,.p, then the
latter yields (k' —2—j1 — 1, |w" |pr—a—j,—1, €5[v1 /], €4[va/x]) € En[bool]p, cv—V,5_; [a]wl,.p,
which in turns implies the existence of the wanted (k' — j, w"").

e Showing (k' — 2 —j1 — 1, [w" |gr—a—j, —1,v1,v2) € V2 [7]p, a—V,5_[a]wl,.p decomposes and
is shown as in the previous example.

3.3 Double Effect
vy = Az:unit — 7.(Azb. 2 ¢) (z¢)
Vg = Ax:unit —» T.xC
We show €;e b v1 Z® vy (unit = 7) — 7
e Suppose wy € World,,, (81,02, p) € Do [A]wo, (k,w,y1,72) € Go[I']p, and (k,w) 3 (n,wp).
e To show: (k,w,d171(v1),0272(v2)) € E2[(unit — 7) — 7]p, ie., (k,w,v1,v2) € V,2[(unit —

r) =y
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So suppose (k',w’, Az.e1, Az.ez) € V2 [unit — 7]p where (K',w") 3 (k, w).
To show: (k',w’, (A=7.(Az.e1) ¢) (Ax.e1) ¢), (Az.e2) ) € E[7]p
Suppose w'.o1; (A=T.(Az.e1) ¢) ((Az.eq1) ¢) terminates in 3 + 25’ =: j < kK’ steps:

w'.o1; (A (Az.e1) c) (Az.eq) ¢)
=1 w.o;(A(\z.e1)c) erc/x]
—J ol (A(Az.er) ) v]
oy;(Ax.er) e
o1; e1lc/x]

—J g0y

Let w) := (o}, w .09, w’.n,w’.p), so (K',wy) 3 (K, w').

Since we have (k' — j" — 2, |w]]w_j—2,\x.€1,Az.€2) € V2 [unit — 7]p by Closure Un-
der World Extension and (k' — j' — 3, [w]]w—j—3,¢,¢) € V2[unit]p, we get (k' — j —
3, [wilw—jr—s, er[c/al, eac/a]) € EX[]p.

Consequently, there exists (k' — j,w”) 3 (k' — j' — 3, |w] |x—;/—3) such that
w'.o9; exlc/x] —* w”.oq;vh with w”.01 = o1 and (K — j,w”,vf,v}) € V.2 [7]p.

We show €€ vy Z® vp @ (unit = 7) — 7

Suppose wo € WOTldn, (517527p) € D;L[[A]]w% (k»w771372) € G:z[[rﬂpv and (kvw) - (naw())'

To show: (k,w,d171(v2),0272(v1)) € En[(unit — 7) — 7]p, ie., (k,w,v2,v1) € V,2[(unit —
T) = 7lp

So suppose (k',w’, \x.e1, Ax.es) € V2 [unit — 7]p where (k',w") 3 (k, w).
To show: (k',w’, (Ax.e1) ¢, (A=T.(Ax.e2) ¢) (Az.e2)c)) € E27]p
Suppose w'.o1; (Az.e1) ¢ terminates in 1+ j' =: j < k’ steps:

w'.o1; (Ax.e1)c
w'.o1; eq[c/x]
S 01§v/1

(_>1

Instantiating (', w’, Ax.e1, Ax.e3) € Ve[unit — 7]p with (&' — 1, |w’ |k —1,¢,¢) € V.2 [unit]p
yields (K’ — 1, [w' |—1, e1[c/x], ealc/x]) € Ex7]p-

)
Consequently there exists (k' — j,w”) J (k' — 1, |w’ | —1) such that
w'.o9; (A.(Ax.e2) ¢) eale/x] —* w”.o9;

(
Let wh = (w'.o1,w” .09, w' m,w’.p), so (K',wh) 3 (k' w').
By Closure Under World Extension (2.8) we have (K, w}, A\x.e1, Az.es) € V.2 [unit — 7]p.
Instantiating this with (K — 1, |w} | —1,¢,¢) € V2 [unit]p yields
(K" =1, [wy |1, ea[c/a], e2]c/x]) € EX[r]p.

37



e Consequently there exists (k' — j,w”') 3 (k' — 1, |wh|rr—1) such that w”.o9;es]c/z] —*

"

w'".oq; vl with w”

.01 =01 and (K’ — j,w"” v}, v]) € V.2 [r]p.

e Note that

3.4

w'.og9; (A.(Az.€2) ¢) ((Az.e2) ¢)
w'.o9; (A.(Az.€2) ¢) ea]c/x]
w”.og; (A_.(Az.e1) ¢) vh

w”.og; (Az.€2) ¢

w”.o9; ealc/x)

w'".o9; v}

Y

Effect Order

v1 i= Azpiunit — Tz unit — 7' leta) =z, () in (s (), 2},)

vy 1= Azpiunit — Tz unit — 7. (25 (), 24 ()

We show €; e - v; S vg: (unit — 7) — (unit = 7) — (7 x 7).

Suppose wg € World,,, (1,92, p) € D2 [A]wo, (k,w,v1,72) € G&[T]p, and (k,w) 3 (n,wo).

To show: (k,w,d171(v1),0272(v2)) € En[(unit — 7) — (unit — 7) — (7 x 7)]p, ie,
(k,w,v1,v2) € V2[(unit — 7) — (unit — 7/) — (7 x 77)]p

So suppose (k',w’, A\x.e1, Az.ez) € V2 [unit — 7]p where (K',w") 3 (k,w).

To show: (K, w’, Azy:unit — 7', letzy = x4 () in (Az.e1) (), 77),
Azgiunit — 7. ((Az.e1) (), x4 ())) € Ve [(unit — 7/) — (7 x 7')]p

So suppose (", w”, Az.es, A\x.eq) € V,*[unit — 7']p where (K", w”) 3 (K, w’).
To show: (K", w",letz) = (Az.e3) () in ((Az.e1) (), 2y), (Az.e1) (), (Az.eq) ())) € Vir[T x T']p

Suppose w"”.o1;letzy; = (Az.e3) () in ((Az.e1) (), ;) terminates in 1+ j; +1+1+j2 = j <k
steps:
w”.oq; Ietx’g = (Az.e3) () in {(Az.eq) (),J;;)
1wy let 2}, = e3[()/x] in {((Az.e1) (), 7))
= gl Ietx; = v} in ((A\z.eq) (),:1:;>
—=' (M) (),v5)

=1 ohi(ea[()/x],v5)

=72 gy; (v, v5)
Let (ky, wy) :== (k" —1—j1—1—1, (o}, w" .00, w" ., |W" .p|kr—1j,—1-1), so (Kb, w5) 3 (K", w").

Since we have (kb, wh, A\x.e1, Ax.ea) € V.*[unit — 7]p by Closure Under World Extension and
(kg = 1, [wh ]y -1, (), () € V¥ [unit]p, we get (kg — 1, [wh |y, —1, e1[() /2], e2[()/]) € EX[7]p.
Note that wh.o1 = of.

Consequently, there exists (k" — j,wy) 3 (ky — 1, |w |4, 1) such that

w”.og;e2]() /] —* wY.o9;vh with wh.o1 = o1 and (K" — j, wi,vi,vh) € V.2 [7]p.
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o Let (kj,w)) = (k" —1,(w".o1,wl.c0,w" ., |w”.plgr—1)), so (ky,wy) 3 (K", w").

e Since we have (K, w], A\x.eg, A\x.e4) € V,?[unit — 7']p by Closure Under World Extension and
(k1 =1, [wi |k -1, (), () € Vi [unit]p, we get (K] — 1, [wi]r,—1, e3[()/x], es()/2]) € Ex[']p.

e Note that w).op = w”.07.

e Consequently, there exists (k" — 1 — ji,wY) 3 (ky — 1, [w]]x; 1) such that
wh.og;e4]()/2] —* w.o9;v) with w.oy = o} and (k" — 1 — ji,wY, v}, v)) € V2[r']p.

e W.lo.g. (dom(wy.n)\ dom(w].n)) N (dom(why.n) \ dom(wh.n)) = 0, so wy.n U wl.n and
wy.pUw].p are well-defined.

o Let w3 := (wh.o1,wy.o2, w].nUwl.n,w.pUwl.p).

e It remains to show the injectivity of ws.n®.

e Note that rng(w/.n?)\rng(w}.n’) C dom(w}.0;)\dom(w}.o;) by definition of world extension.
e Similarly, rng(w4.n%) \rng(wh.n") € dom(wj.o;)\ dom(wh.o;) by definition of world extension.
e Suppose a,a’ € dom(ws.n).

e Case a,a’ € dom(w”.n): Trivial.

e Case a € dom(w”.n) and o € dom(wy.n) \ dom(w".n):

— Then we know ws.n'(a) € dom(w”.0;) and ws.n'(a’) € dom(w{.0;) \ dom(w}.0;).

— Since w}.o; 2 w”.0;, we have ws.n'(a) # wz.n'(a’).
e Case a € dom(wf.n) \ dom(w”.n) and o’ € dom(w}.n) \ dom(w".n):

— Then we know wz.n'(a) € dom(wf.o;) \ dom(w}.o;) and wz.n'(a’) € dom(wh.o;) \
dom(w}.0;).

— For i = 1 this means ws.n'(a) € dom(w}.c1) = dom(c}) = dom(wh.o1), so it cannot
equal w3.n!(a/).

— For i = 2 this means w3z.n?(a) € dom(w}.o2)\ dom(wy.02), so it cannot equal w3.n?(a’).

3.5 A Free Theorem
Suppose op F v : Va.ae — . We want to show that either
1. o;Wry, , . ,(v)7v T forall o, 7, v with 0 D og and o -0 : 7, or

2. 03 Wry,, oo (v) TV —=* o';0 for all o, 7, v/ with ¢ D 0y and ¢ - v : 7, where ¢’ may be
different each time.

In order to do that, we first show for all o, 7, v’ with o D 0¢ and o v’ : 7 that either
1. o;Wry, ,_,(v)T0 1, 0r

. - / * 1/
2. o;Wry, ,_o(0) TV =% a’50.
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If o; Wr™ (v) 7o’ 1, there is nothing to show.
So suppose o; Wr™ (v) 7 v’ terminates in j := j; + 1+ jo + 1 + j3 steps:

o; Wr™ (v) 7o’
= o5 (Aa.er) T
o1;er[r/a]v’
=92 go; (Ax.e)) v
oa; €y [v'/x]
=7 o301

By the Fundamental Property 2.30, og;e - v 3® v : Va.a — a.

Construct wy € World; 44 and (41, d2, p) € Dj12]oo]wo in the same manner as in the proof of
Soundness (2.32) except that wg.c1 = wg.00 = 0.

Instantiating o;e v 3° v : Ya.oo — « then yields (5 + 1, |wo]j+1,v,v) € Vi [Va.ao — afp

By Wrapping II (2.37) and Inclusion (2.3), (j + 1, [wo]j+1, Wr™ (v),Wr™ (v)) € Eg[Va.a —
a]p.

Consequently, there exists (j +1 — ji,w1) J (j + 1, [wo] +1) such that o; Wr™ (v) 70" —*
wy.09; (Aa.es) 70" with wy.o1 = oy and (j + 1 — j1, w1, Aa.ey, Aaes) € V2[Va.a — afp.

Let R := {(k,w,v',v") € Atom;i1_;,[0*(7),0*(7)]} and r := (p*(7), p*(7), R), so (1,7,7) €

T741—j, [Qwr.

Instantiate (j + 1 — j1, w1, Aa.er, Aa.es) € V2[Va.a — afp to get
G+ 1=01 =1 wiljr-j-1 ealr/al e2[r/a]) € Efa — o] p, arr.
Consequently, there exists (j+1—j1 —1—jo,w2) I (j +1—j1 — 1, [wi]j+1-j,—1) such that

wy.09; e2[T/a] v —=* wa.o9; (Ax.eh) v with wa.o1 = 09 and (j+1—j1—1—Jo, wa, Ax.€], Ax.€}) €
Vola — o] p, ar—r.

Since (j+1—j1—1—ja—1,|wa],v,v") € |R] =V2[a]p,a—r, weget (j+1—71—1—ja—
L [we], ey [v'/a], ex[v"/2]) € Ejla]p, arr.

Consequently, there exists (1,ws) J (j+1—j1 —1—j2—1, |wz]) such that we.09; e5[v' /2] —*
ws.02; Vg with ws.o1 = o3 and (1, ws,v1,v2) € V2 [a]p, a—r = | R].

Hence v; = v = v/ by construction of R.

With the help of this lemma, we now prove the actual claim by contradiction.

By the first part we know that if any such o; Wry, . (v) 70’ terminates, then the result will
indeed be v'.

Suppose o1; Wr™ (v) 71 v1 —7 of;v1 but o9; Wr™ (v) 7o va 1.

By the Fundamental Property 2.30, o;e v Z®* v : Va.ao — a.
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e Construct wy € World 12 and (01,02, p) € D;t2[o0]wo in the same manner as in the proof of
Soundness (2.32) except that wg.c; = o1 and wg.09 = 02.

e Proceed as in the first part but pick R := {(k,w,vi,v2) € Atom;ii_j [07(71),05(72)} and
7= (07 (tauy),05(12), R), so (11, 72,7) € T3y [Qws.

e In the end we learn that oo; Wr™ (v) 72 vo must terminate, too, contradicting the assumption.
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